Let Fq be a finite field and F q n be an extension, where a Type I optimal normal basis exists. Suppose n = mk. We provide a bound for the complexity of the normal basis of F q m over Fq generated by the trace of the dual element of the generator of a Type I optimal normal basis of F q n over Fq. Further, we show that our bounds are better than the known bounds under certain conditions on m and k.
Introduction
Let F q be a finite field, where q is a prime or a prime power. Consider an extension F q n of F q , and α ∈ F q n . A normal basis of F q n over F q is a basis of the form N = {α, α q , . . . , α 
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In matrix form we can write as follows:
where T is an n × n matrix over F q . We call T the multiplication table of the normal basis N . We may define the multiplication If N is an optimal normal basis of F q n over F q , then α is called an optimal normal element.
Suppose n + 1 is a prime and q is primitive in Z n+1 , where q is a prime or prime power. Then the n nonunit (n + 1)th roots of unity are linearly independent and they form an optimal normal basis of F q n over F q , which is known as Type I optimal normal basis of F q n over F q .
For α ∈ F q n , the trace Tr If α generates a normal basis N of F q n over F q and β generates the dual basis of N, then β is a dual element of α. We know that the dual basis of a normal basis is also a normal basis (cf. [1, Corollary 1.4 
]).
With the development of coding theory and appearance of several cryptosystems using finite fields, the implementation of finite field arithmetic, in either hardware or software, is required. Of course, the advantage of using a normal basis representation has been known from many years. The complexity of the hardware design of multiplication schemes due to Onyszchuk et al. [7] and Omura and Massey [6] by using normal bases to represent finite fields heavily depend on the choice of normal bases used. Normal bases are widely used in applications of finite fields in many areas, such as coding theory, cryptography, signal processing. In particular, optimal normal bases are desirable but not all finite fields have optimal normal bases. So to work efficiently in other fields for practical applications, one needs to construct a normal basis of complexity as low as possible.
Wan and Zhou [8] gave the complexity of the dual basis of Type I optimal normal basis. Christopoulou et al. [2] gave the bound of the complexity of the normal basis Type I optimal normal element generated by the trace of an optimal normal element, and also the complexity of the normal basis generated by the dual element of the trace of optimal normal element.
In this paper, we study the complexity of the normal basis of F q m over F q , generated by the trace of the dual element of α ∈ F q n , where α generates Type I optimal normal basis of F q n over F q . We provide a bound for the complexity of the normal basis generated by the trace of the dual element in F q m , where m = n/k and k ≤ m. As we know that the duality and the operation trace commute, without any assumption about optimality. So our result gives the complexity of the dual basis of the normal basis of F q m over F q , generated by the trace of optimal normal element of Type I. We compare our results with the results in [2] , and give conditions on m and k under which our results are improved.
Preliminaries
In this section, we recall some notions and results on the normal bases.
Lemma 2.1 (cf. [1, Theorem 4.1]). Let t and v be any two positive integers. If α is a normal element of
Wan and Zhou [8] gave the complexity of the dual basis of a Type I optimal normal basis. Christopoulou et al. [2] gave the complexity of the normal basis generated by the dual element of the trace of an optimal normal element. Definition 2.4. Let q be a prime or prime power, and n, t be positive integers such that nt + 1 is a prime not dividing q. Assume that γ ∈ F q nt is a primitive (nt + 1)th root of unity and e is the order of q (mod nt + 1). If (nt/e, n) = 1, then for any primitive tth root τ ∈ Z nt+1 of unity,
generates a normal basis of N of F q n over F q , which is called a type t Gaussian normal basis of F q n over F q .
From the above construction it is easy to see that a type t Gaussian normal basis N of F q n over F q is a Type I optimal normal basis when t = 1.
Lemma 2.5 (cf. [3, Theorem 2]).
Suppose that N is type t Gaussian normal basis generated by α and 1 ≤ t ≤ n. Then (1) If t ≡ 0 (mod 2), then the dual basis of B is generated by γ =
otherwise.
Results
In this section, we give a bound for the complexity of the normal basis, generated by the trace of the dual element of a Type I optimal normal element, computed by the following two ways:
(a) Firstly, we use the method given by Wan and Zhou [8] to prove our bounds.
(b) Secondly, we use the general method to prove the same.
(a) Here, we give bounds separately for even and odd characteristic of the finite field F q .
In the following theorem, we give the complexity of the normal basis of F q m over F q with odd characteristic. 
Then the complexity of the normal basis of F q m over F q generated by η is bounded by
Proof. Let n + 1 be a prime, q be a primitive root modulo n + 1, where q is a prime or prime power. Let N = {α 0 , α 1 , . . . , α n−1 } be a Type I optimal normal basis of F q n over F q . Then the multiplication table T = T [n×n] of the linear map
with respect to the normal basis generated by α has exactly one 1 in each row except for the row n/2, where all the entries are −1.
. . , β n−1 } be the dual basis of N , which is also a normal basis of F q n over F q , generated by β, i.e. β i = β
be the multiplication table of the linear map
with respect to the normal basis generated by η. Now we compute the bound for the complexity of the normal basis, generated by the trace of the dual element of a Type I optimal normal element, in the following two cases.
Case 1: When k is even. The first row of the multiplication table H of the normal basis S of F q m over F q is given by 
and
where τ is a bijective map from {0, 1, 2, . . (2) we have
First, we compute ββ i for each i except i = n 2 :
In particular for i = 0, we have
where τ −1 (0) = 0, as τ is not defined on 0.
Thus, using (4)- (6) in (1), we get 
Now we compute each of the summand on the R.H.S. of the above equation, as follows:
for some l
Since n 2 ≡ 0 (mod m) for k even, we have
Next, for u,
Further, we can write
as u * ≡ u * * (mod m) for some u * * ∈ {0, 1, . . . , m − 1}.
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Since the coefficients of η q j are computed modulo q, the first row of the matrix H contains at most k nonzero entries when k = [F q n : F q m ] is even. Now we calculate the remaining rows of the matrix H by computing
For all s (0 ≤ s ≤ k − 1), by using (4), we get
for some s * * (0 ≤ s * * ≤ m − 1) (by previous arguments).
From (11) and (12), it follows that
Hence, corresponding to each j (1 ≤ j ≤ m − 1), the multiplication table H contains at most k + 2 nonzero entries. Therefore, the multiplication table H of the normal basis S of F q m over F q contains at most k + (k + 2)(m − 1) = m(k + 2) − 2 nonzero entries.
Case 2: When k is odd. The first row of the multiplication table H of the normal basis S of F q m over F q is given by 
Type I optimal normal element
By using (4)-(5) in (13), we get
Again by using (8) and (10) in (14), we have
Since the coefficients of η q j are computed modulo q, the first row of the matrix H contains at most k + 1 nonzero entries. Now the remaining rows of the matrix H are given by
Hence, corresponding to each j (1 ≤ j ≤ m − 1), the multiplication table H contains at most k + 2 nonzero entries. Therefore, the multiplication table H of the normal basis S of F q m over F q contains at most k +1+(k +2)(m− 1) = m(k +2)− 1 nonzero entries.
From the above, we conclude that the complexity of the normal basis of F q m over F q generated by η is bounded by (k + 2)m − 1 or (k + 2)m − 2, depending on whether k = [F q n : F q m ] is odd or even.
In the following theorem, we give the complexity of the normal basis of F q m over F q with characteristic 2. Proof. We observe that the proof of this theorem is nearly identical to the case when q is odd, except for the following changes.
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Let n + 1 be a prime, 2 be a primitive root modulo n + 1 and α ∈ F 2 n . Let N = {α, α 2 , . . . , α 2 n−1 } be a Type I optimal normal basis of F 2 n over F 2 generated by α.
Let β generate the dual basis B = {β, β 2 , . . . , β Let H = H [m×m] be the multiplication table of the linear map
with respect to the normal basis generated by η. From (13), the first row of multiplication table H is given by
(ββ
as k is odd. Now we will compute all the summands on the R.H.S. of the above equation. Using (2), we have
For all s, 1 ≤ s ≤ k − 1, it follows from (4) that
Using (16) and (17) in (15), we get
Simplifying, we get
Since the coefficients of η 
Now for all s, 0 ≤ s ≤ k − 1, using (4), we get
for some 0 ≤ s * * ≤ m − 1 (by previous arguments).
From (18) and (19), we get
Hence, corresponding to each j, 1 ≤ j ≤ m − 1, the multiplication table of H contains at most k + 2 nonzero entries. Therefore, the multiplication table H of the normal basis S of F 2 m over F 2 contains at most k + (k + 2)(m − 1) = m(k + 2) − 2 nonzero entries.
Consequently, the complexity of the normal basis S, generated by η, of F 2 m over F 2 can be at most m(k + 2) − 2.
(b) Here, we give the bounds for even and odd degree extension of the finite field F q n over F q m .
Theorem 3.3.
Suppose that N is a Type I optimal normal basis generated by α of F q n over F q , where n = mk with 1 ≤ k ≤ m. Let the dual basis of N be generated Proof. Let n + 1 be a prime, q be a primitive root modulo n + 1, where q is a prime or prime power. Let α ∈ F q n . Let N = {α 0 , α 1 , . . . , α n−1 } be a Type I optimal normal basis of F q n over F q .
The multiplication table T = T [n×n] of the linear map
with respect to the normal basis generated by α has exactly 2n − 1 nonzero terms. These have the following properties:
The above equations imply that there is exactly one 1 in each row except for the row n/2, where all the n entries are −1.
, where
over F q . Now we compute the bound for the complexity of the normal basis, generated by the trace of the dual element of a Type I optimal normal element, in the following two cases. 
Let H = H [m×m] be the multiplication table of the linear map
with respect to the normal basis generated by η.
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Type I optimal normal element
The first row of the multiplication table H of the normal basis S of F q m over F q is given by
As
Now from (20) and (21), we see that there exist
Thus, we get
Now from (23) and (25), we get 
Since the coefficients of η q j are computed modulo q, the first row of the matrix H contains at most m nonzero entries. Now we calculate the remaining rows of the matrix H by computing
for 0 ≤ j ≤ m − 1. We know that
By (20), we know that there exist λ 0 , λ 1 , . . . , λ k−1 ∈ Z n such that
So from (26) and (27), we have 
Consequently, the complexity of the normal basis generated by η of F q m over F q can be at most k(m − 1) + 3m − 2 when k is even. Thus the complexity of the normal basis generated by η of F q m over F q can be at most k(m − 1) + 3m − 2 when k is odd.
From above, it follows that the complexity of the normal basis, generated by η, of F q m over F q is k(m − 1) + 3m − 2.
Comparison
Without any assumption about optimality, we know that the duality and the operation trace commute. So the trace of the dual of a normal element is the same as the dual of the trace of the given normal element.
